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Viscosity Profiles, Discharge Rates,

Pressures, and Torques for a Rheologically

Complex Fluid in a Helical Flow

J. G. SAVINS and G. C. WALLICK

Socony Mobil Oil Company, Inc., Dallas, Texas

Quantitative predictions are presented to show how the axial dischorge rate and pressure
gradient and angular velocity and torque become coupled when a fluid exhibiting a shear-
dependent viscosity behavior is subjected to a helical flow field. The numerical scheme developed
here is completely general and applicable to a wide choice of constitutive equations. For pur-
poses of illustration only, results are described for an Oldroyd type of constitutive equation. The
coupling effect is illustrated for different relative speeds of the cylinders, axial flow rates, axial
pressure gradients, and ratios of cylinder diameters. The most interesting consequence of the
coupling effect is that the axial flow resistance is lowered in a helical flow with the result,
for example, that for a given applied axial pressure gradient, the axial discharge rate in a

helical flow field is higher than in a purely annular flow field.

Helical flow is a steady flow which can occur when an
annular mass of fluid is contained between two coaxial
cylinder of radii R; and R (R > R;) which rotate about
their common axis with angular velocity @ and Q, respec-
tively, and a constant pressure gradient J, parallel to the
axis of the cylinders, is impressed on the fluid. In a
helical flow each particle describes a path about the axis
of the cylinders with an angular velocity » about the axis
and a velocity u parallel to it, » and u being functions of
r only, the radial distance of the particle from the axis
of the cylinders.

This multidimensional flow field is of particular interest
to the experimental rheologist, since it includes as special
cases each of the other viscometric flow problems for which
exact solutions are known for incompressible fluids:
Poiseuille flow, flow between concentric pipes, that is,
annular flow, of which channel flow is a special case, and
Couette flow. In principle if measurements from a given
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viscometric flow experiment are combined with the ex-
pressions for the stresses and the velocities to determine
the material functions for, say, the simple fluid (1) or
the material constants for the Oldroyd types of equations
(2), then complete stress and velocity profiles can be
predicted for helical flow or any of the o&er viscometric
flows. A variety of treatments of the helical flow problem
for rheologically complex fluids is to be found in the litera-
ture. Rivlin (8) introduced the term helical flow in a dis-
cussion of this superposition of annular and Couette flows
for fluids of the differential type. However, he did not
solve the resulting equations for the discharge rate and
torque in terms of the applied pressure gradient, relative
rotational speed, and rheological parameters. Coleman
and Noll (4) derived such expressions. Fredrickson (5)
used the constitutive equation devised by Rivlin, introduc-
ing a function which turns out to be simply the shear de-
pendent viscosity function 4. Coleman and Noll used the
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simple fluid concept. It should be noted, however, that
although the problem was attacked from different view-
points, each approach clearly established that it is neces-
sary to know only one material function to calculate the
dependence of the velocity field in helical flow on the
geometry and the applied forces. In his discussion Fred-
rickson outlined a feasible, although impractical method,
to effect a trial-and-error solution of the nonlinear equa-
tions involved, using the shear dependent viscosity func-
tion. A theoretical and experimental treatment of helical
flow based on a specialized form of the Oldroyd equation
of state for incompressible elasticoviscous fluids is con-
tained in a series of papers by Tanner (6, 7). He evalu-
ated the relevance of Oldroyd’s theoretical equation of
state to the flow of real polymer solutions and obtained a
solution, but only for the special h'miting case of channel
or plane Poiseuille flow superimposed on a Couette flow.

It is to be noted that as a result of the presence of a
shear-dependent viscosity function 5 there is a profound
difference between the helical flow of the Newtonian
fluid and that of the rheologically complex fluid. The
shear-dependent viscosity leads to a coupling between
the superposed annular and Couette flows, and in this
paper we will be concerned with quantitative predictions
of how the discharge rate, pressure gradients, and the
torque are affected by a helical flow produced by com-
bining a relative rotation of the cylinders AQ = 0 — @,
and an axial pressure gradient J.

THE MATERIAL FUNCTION 7

The procedure to be described here for predicting how
the discharge rate and the torque are affected by a heli-
cal flow is applicable to any fluid* so long as the shear-
dependent viscosity function 5 can be established as a
known analytic function of the rate of shear T' from an
investigation of any of the viscometric flows. For purposes
of illustration only, we use the particular viscometric func-
tion, Equation (2a). This function corresponds to various
special theories of fluids, including one of those proposed
by Oldroyd (2). The material function 4 for this equation
is as follows:

7=l (1)
where
_ 1+0'21"2]
ﬂ—'no[m (2a)

is the expression for the shear dependent viscosity

no = ‘f N(t)dt

(2b)
is the limiting viscosity at zero rate of shear
o2
T = o — (2c)
o1
is the limiting viscosity at infinite rate of shear, and
3
o1 = v Mo (2d)
2
3 1
AT (2°)
2 mo L 2

The constants pg, v1, vo have dimensions of time, as does
0s = (111 — 725/712 T') which is the natural time of the
fluid (8), and N(t) is the distribution function of relaxa-
tion times . By assigning the values of oy = 0.06, on =

* Actually the treatment is more restricted in that, as developed in
references 4 and 5, it cannot be applied to materials which are charac-
terized by a yield stress, for example, the Bingham types of materials.
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0.02, and mo = 10.0 to the constantst given by Equation
(2), a particular variation of the shear-dependent viscos-
ity function characteristic of the shear thinning category
of rheologically complex behavior was obtained. That is,
there is a decrease in apparent viscosity from an upper
limiting value at small rates of shear to a lower limiting
values at high rates of shear.}» 3 This constitutive equation
satisfies, as pointed out later, the requirement in the heli-
cal flow solution method that the shear dependent viscos-
ity be bounded by finite values at both low and high rates
of shear.

METHOD OF SOLUTION

Mathematical Description

Both Coleman and Noll (4) and Fredrickson (5) con-
clude that the helical flow of any fluidl may be charac-
terized by two parameters which are dependent upon the
pressure gradient, the angular velocity, and the shear
stress-shear rate behavior of the fluid. From following the
development of Fredrickson, these parameters 32 and C
must satisfy the integral relationships

re | (£=2)2 (3
and * g !
1
F2=C_£ ;: —AQ=0 (4)

The shear-dependent viscosity function 7 is related to the
shear rate function Y(TI') by the equation?

n2Y=2[(%]—)2(”2_p*2>2+5p§-] (3)

or \/
. Lol (6)
7 .\/%Y
where
=12y + 7 (7a)**
=p§- (7h)
T,z=%’—(”2:*2) (76)
-2 [(@)+ ()] oo

Here 72 is the shear stress function and the radial posi-
tion r = AR has the physical significance that it represents
that position at which .. = 0. It is evident from Equa-
tion (6) that Y(f) may be considered to be equivalent to

$ Unless otherwise indicated, all quantities are expressed in cgs
units.

tIn a graph of the rate of shear against shear stress, the flow curve
starts as a straight line at the origin, becomes convex and then concave
to the shear stress axis, and finally at the upper end becomes straight
again.

§ A limitation of Equation (2a) is the restriction of a_ratio 7»/70 of
1/9. Over a sufficiently wide.ran?e it is not uncommon for a real fluid
to be characterized by a ratio of 1/20 or more.

|| See the fooimote in the first column.

§ We use Y and Y(TI') interchangeably for the shear rate function.

#¢ The subscript notation for cylindrical polar coordinates z, 7, # has
been substituted for the 1, 2, 3 directions, respectively.
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2r% If 32 and C have been determined, one can evaluate
the angular velocity » from

1
o) =a—c [ X (®)
2
the velocity component u in the z direction from
1

u R] ( 2—22 ) dl

—_——— - 9

R 2 ‘[ 4 " ®)
and the actual fluid velocity V from

C [ e

m=L\xg/) t7e (10)

The flow rate Q is related to the parameters C, ), and
R]/2 by the equation

40
8 «R3
+4("_2 ) j (aznpz) (Pzp)\2> dp=10

(11)

Here Q is defined as positive for RJ/2 > 0. A helical flow
compounded of a plane Couette flow in one direction and
a channel or plane Poiseuille flow in another direction,
that is, @ == 1, is a special case; for example, the analysis
of Tanner (6, 7) of this general solution which is applica-
ble to any value of 0 < a < 1. '

For a Newtonian fluid # = constant and A2 and C ma
be evaluated directly from Equations (3) and (4):

M= (2—1)/2Ina) (12)

and
C=27A00a2/(1—a?) (13)

For non-Newtonian fluids an exact solution is not possible,
and it is necessary to resort to approximate numerical
methods.

If the parameter 4Q/7R® and the relative angular ve-
locity AQ are specified, the mathematical description of
the helical flow in terms of viscosity, stress, and velocity
profiles requires the simultaneous solution of the three
integral equations F; = 0, { = 1, 2, 3 for the three pa-
rameters C, A, and RJ/2. Flow descriptions for helical
flow with AQ and RJ/2 specified (4, 5), Couette flow, and
annular flow will be shown to be simplified cases of this
more general treatment.

Numerical Analysis

The two characteristic parameters A2 and C and the
pressure gradient RJ/2 may be evaluated numerically if
the shear-dependent viscosity can be expressed as a known
analytic function, for example, Equation (2a) or tabu-
lated as a function of the rate of shear function Y(T).
Consider a table of n values corresponding to a set of
tabulated Y(T') values. Now % must be finite for Y = 0
and approach a zero or positive limit as ¥ — o0.* We
can then generate a third table of 42Y values correspond-
ing to the Y and v tables. The 7, ¥ data must be such
that a unique value of Y corresponds to each value of
n?Y in the table thus formed. Now for any specified val-
ues of C, A%, RJ/2, and p, %Y is also determined by Equa-
tion (5). Thus the corresponding values of % required for
the evaluation of Equations (3), (4), and (11) can be
obtained by interpolation in the 5 vs. 2Y tables. This »
determination procedure is the foundation of the solution
method developed for this study.

* These requirements are, as pointed out above, satisfied by the form
of Equation (2a).
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Since the three integral equations, F; = 0,i =1, 2, 8
are nonlinear in A, C, and RJ/2, one must, in general, use
an iterative procedure for the determination of these pa-
rameters. The Newton-Raphson method leads to three
linear equations in the unknowns 8\2, 8C, and 8(RJ/2) of
the form

RJ

A2 + ApdC + Apd (T) = —F,, (i =1,2, 3)
(14)

Initial values for A%, C, and RJ/2 are assumed and Equa-
tion (14) is solved for the corrections 8)2, 8C and 8(RJ/2).
We replace A by A2 + 82, C by C + 5C, and RJ/2 by
RJ/2 + 8(B]/2§,. This solution process is repeated until .
82|, |8C|, and |[8(RJ/2)| are all less than some specified
imit or limits.

The coefficients Ay, i = 1, 2, 3, j = 1, 2, 3 may be
expressed in the form

1
1 2 — A2
Au:?fl=__ f _[1+(L__.)_ _a_'!_]d

A2 a np 7 A2
(15)
1
__OFy 1 (p2—2%) oq
Alz—_&—C_— ! - ” 3C dp (16)
A oF, f 1 (P—2N) &y d
¥ 8(RI2) W wp n a(RI/2) ¢
(17)
1
oF; 1 o
A21—-5;;— %!1,2,,3 e dp (18)
1
doF, _ 1 [ C _al_]
sam=22= —|1-T ] (19)
1
dF, 1 k]
Ay = ——ee = — —_— 20
* " "a(RI/2) f e awm * 20

] ON?
oF3
dn =3¢ =
1
RJ (a2 —p%) (p2—2N%) oq
~(F) ISR e e
and
1
__ s _ =) s eyg
R i e G
1
BRI\ ( (2—p%) (2—M) 3
4 =L d
4( 2) ‘!: np n ?

3(R1/2)
(23)

The partial derivatives appearing in Equations (15) to
(28) cannot be evaluated directly. We can, however,
write

dn _ (Y) oy

2 I a(n?Y)

~+(3) (,,272> T

(24)

Page 359



T s p e P)
and
o 3(n%Y) on
a(R]/2) 3(RJ/2) d(#?)
VAV LA
—4 (&) ( - )a<,,m (26)

The necessary d4/3(4%Y) may be evaluated by numerical
interpolation and differentiation in the %, %2Y tables. For
example, one could establish a table of d7/9(92Y) values
corresponding to the tabulated values of % and #?Y. The
value of 87/9(n?Y) corresponding to a specific value of
7%Y (p, RJ/2, 3%, C) could then be obtained by direct
interpolation. The F; and A;; are evaluated by standard
numerical integration procedures.

If the pressure gradient RJ/2 is specified rather than
4Q/wR?3, that is, the special case considered by Coleman
and Noll (4) and Fredrickson (5), the problem reduces
to the simultaneous solution of Equations (3) and (4) for
the parameters A% and C. The Newton-Raphson procedure
leads to two equations of the form

And\2 + ApdC=—F;,, i=1,2 (27)

where the Aj; are defined in Equations (15), (16), (18),
and (19).

For annular flow AQ@ = C = 0, the determination of
RJ/2 and A? corresponding to a specified flow rate requires
the repetitive solution of the equations

RJ

A,~18)\2 + A138 (—-2— ): - Fi, i= 1, 3 (28)

where the A;; are defined in Equations (15), (17), (21),
and (23). If RJ/2 is known, only A2 must be determined
and we have simply

Apd\ = —Fy (29)

For Couette flow RJ/2 = M\ = 0, the parameter C
corresponding to any imposed AQ may be evaluated by
the iterative solution of Equation (4) through the derived
equation

ApdC = — F» (30)

with Ags as defined in Equation (19). If we specify the
torque at p = « or p = 1 rather than AQ, C follows im-
mediately from Equation (7b). The relative angular vel-
ocity AQ and the several viscosity, stress, and velocity
profiles may then be evaluated directly without iteration.

While the general solution procedure as outlined above
is normally rapidly convergent, solution oscillation may
occasionally be encountered. For such cases the procedure
is modified by restricting acceptable 8C, 8)\2, and §(RJ/2)
to those tending to minimize the [Fy|, |Fs|, and |F3|. If
computed values of 8C and 82 are such as to increase the

5C
magnitude of F; and F,, we replace 8C and 8\ by -
a2

and and repeat the test until the minimization con-

dition has been satisfied. From 10 to 60 sec.® are required
to evaluate a set of A2, C, and RJ/2 values and to tabulate
complete stress and velocity profiles.

Helical Flow Simulation

By using the method of solution outlined in the pre-
ceding discussion, the following helical flow problems
were simulated:

* With a CDC 1604 digital computer.
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1. An annular flow on which is superimposed varying
degrees of Couette flow by relative rotations of one cylin-
der with respect to the otzer.

2. A Couette flow on which is superimposed varying
degrees of annular flow by applying a series of axial pres-
sure gradients. Cases 1 and 2 were evaluated for several
ratios of inner to outer cylinder radii: « = 0.95, 0.80, and
0.50. In case 1 a series of discharge rates and profiles of
7 in p was computed for specified values of the parameter
RJ/2, that is corresponding to different values of the axial
pressure gradient, for a given a, to first establish the con-
ditions in annular flow for zero relative rotation, that is,
zero torque. The computations were then re}l)eated for the
same range in RJ/2 and a for a specified relative rotation
AQ, and a series of helical flow discharge rates, torques,
and the corresponding profiles of 5 in p were determined.
The same procedure was followed for different values of
AQ and «. Additionally, for a given «, a series of axial
pressure gradients and profiles of  in p were computed
for specified values of the parameter 4Q/#R® for a speci-
fied relative rotation AQ. For case 2 a series of torques and
profiles of 4 in p were first computed for specified values
of AQ to establish the conditions in Couette flow for zero
flow, that is, zero axial pressure gradient. The calculations
were then repeated for a specified value of RJ/2 for the
same range in AQ and «, and a series of torques, discharge
rates, and corresponding profiles of % in p in a helical flow
were determined. This procedure was repeated for differ-
ent values of RJ/2 and .

RESULTS AND DISCUSSION
Viscosity Profiles in Nonhelical Flows

The basic characteristics of annular and Couette flows
are already well known and therefore will not be con-
sidered in detail. However, the characteristics of the shear
stresses are worth noting, because their distribution within
the shear region @ < p < 1 affects the variation of the
apparent viscosity function 4 over that region, that is, re-
sulting in the appearance of a viscosity profile in p. It is
this variation which accounts for the profound differences
between Newtonian and rheologically complex fluids in
a helical flow. Equation (7b) shows that in Couette flow
(7r8) p=o» the shear stress at the inner wall, is related to
(7r6) y=1> the shear stress at the outer wall, in the follow-
ing manner:

(71’9)p=1 = a? (TT9)0=04 (31)
Equation (31) shows that the shear stress in Couette flow
is larger at the inner wall. Additionally, 7., is always
finite, and the amount of the decrease with increasing
radial distance obviously depends upon the parameter

2
(ﬁ-) . The same conclusions apply to the variation with

radial position of the parameter Y/2, since the latter can
be regarded as a function of the shear stress.

Annular flow is significantly different from the Couette
type of flow, because the shear stress r,, vanishes at the
position p = A. It follows from the first-order differential
equation for the shear stress distribution across the annu-
lus, Equation (7¢), that (7.),—, and (7.),-; are related
in the following way:

(rper = (13 (52 ) Gy (82)

a?

and since A > o these stresses must be of opposite sign.
From these results the shear stress distribution across the
region @ < p < 1 can be summarized as follows: |(r:.)|
is larger at the inner wall; the magnitude of the stress de-
creases in the interval @ < p < A, vanishing at the posi-
tion p = X; the stress then increases in magnitude in the

March, 1966



10 A8 =1

//T;s;z

AQ =10
7 6 \/

5
4 A Q=100
AQ=50 A
K]
3 1
AQ 2 400
28 o 1.0

14

Fig. 1. Viscosity profiles in Couette flow for
various relative speeds (o = 0.80).

interval A < p < 1 to a finite value at the outer wall
| (7re) p=1] < |{772) y=¢|- The same conclusions apply to
the variation of the rate of shear with position for reasons
outlined above. These shear stress (or rate of shear) dis-
tributions are reflected in the appearance of a profile in
p of the shear-dependent viscosity n within the region
a<p<L

Viscosity profiles, that is, grzéghs of » vs. p have been
drawn up for a« = 0.80 using the previously cited values
for oy, a9, and x. Typical Couette flow viscosity profiles
for zero axial pressure gradient are illustrated in Figure 1
for several va?ues of the relative rotation® AQ. Annular
flow viscosity profiles for zero torque are illustrated in
Figure 2 for several values of the parameter RJ/2. There
is on%r a qualitative similarity between the profiles for the
two flows in the region of low shear rates and shearing
stresses, that is AQ = 2 and RJ/2 = 50. Gross differences
arise at larger values of these parameters. For example, in
Couette flow at AQ = 2, 4 approaches 7o, the limiting vis-
cosity at zero rate of shear, while for AQ = 400 the limit-
ing viscosity at infinite rate of shear is approached. At
intermediate values of AQ, the shear-dependent behavior
of 7 as expressed by Equation (2a) is quite pronounced.
Note that irrespective of the value of RJ/2, the zero rate
of shear viscosity always occurs in the profile for annular
flow at the position p = A, that is, ny=x = no. It is also
worth noting that the position A is remarkably insensitive
to RJ/2. For the example shown in Figure 2, within the
range 50 < RJ/2 < 1,000, the shift is on the order of
0.01%, with \ displaced first in the —p direction for small
RJ/2 and then in the +p direction for large RJ/2. Note
that for RJ/2 = 1,000, 5 approaches the limiting viscosity
at infinite rate of shear.

Effect of a Helical Flow on Viscosity Profiles

When the Couette and annular flows are combined to
produce a helical flow, the shear stresses 7,5 and .. form
the shear stress function 7%, given by Equation (7a),
which profoundly alters the characteristics of the viscosity
profile within the region o < p < 1. Helical flow viscosity

% In all examples to follow, the parameter AQ is expressed in rev./min.
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Fig. 2. Viscosity profiles in annular flow for
various values of RJ/2 (a = 0.80).

profiles for « = 0.80, have been drawn up for cases 1 and
2. Viscosity profiles for case 1 for RJ/2 = 500 and several
values of the parameter AQ are illustrated in Figure 3,
while viscosity profiles corresponding to case 2 for
AQ = 10 and several values of the parameter RJ/2, that
is, for a range in axial pressure gradients, are shown in
Figure 4. The most striking result of combining the flows
is to shift the n function toward smaller values. Thus, al-
though the physical significance of A is retained, it fol-
lows from Equation (7a) that the effective shear stress +2
does not vanish at p = \ but instead one obtains the re-
sult #2,=), = 7%,. Since 7, is finite for AQ = 0 it follows
that the limiting viscosity at zero rate of shear, that is, o
can never occur in a helical flow viscosity profile. This

10 /
9 / AR =5
8 A WA.QHO

|
3 i v
TN

AQ =50
‘ 3 |
3F————1Q =200
2
's K 1.0
P

Fig. 3. Viscosity profiles in helical flow for
RJ/2 = 500 and various relative speeds (o =
0.80).
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Fig. 4. Viscosity profiles in helical flow for AQ
= 10 and various values of RJ/2 (a = 0.80).

result has an important bearing on helical flow as will be
shown later.

There are some interesting differences between the case
1 and case 2 viscosity profiles which are worth noting be-
cause of their consequences on the discharge rate and
torque in helical flow. Figure 3 shows that the effect of
impressing a relative rotation on annular flow is to de-
crease the shear-dependent viscosity everywhere within
the region o < p < 1, with the result that the flow re-
sistance in the axial direction is also decreased. This is a
result which one might anticipate from purely intuitive
notions for this category of rheologically complex fluids.
However, in case 2 the effect of impressing an axial pres-
sure gradent on a Couette flow is more complicated. The
shear-dependent viscosity may be lower in certain areas
and higher elsewhere. Figure 4 shows that as RJ/2 in-
creases, 7 is considerably reduced near the cylinder walls.
However, there is also a pronounced increase in 7 at the
other radial positions. The striking maximum in =, which
occurs near tEe position p = 1, is accentuated with increas-
ing RJ/2.* However, the overall effect in case 2 leads to
the same result obtained for case 1, which is that the
axial resistance to flow is reduced in a helical flow.

Effect of a Helical Flow on Axial Discharge Rates, Pressures,
and Torques

Predictions for case 1 helical flow are summarized in
Figure 5 for AQ = 10, 300, and o = 0.50, 0.80, 0.95. The
parameter Q/Qq is the ratio of the discharge rate in heli-
cal flow to the discharge rate in annular flow compared at
identical values of RJ/2 and . It is seen that the effect
of a helical flow produced by impressing a relative rota-
tion on the z directed annular flow is to increase the axial
discharge rate. This result is not unexpected. The pre-

# The observation that the maximum value of 7 occurs mear p = A\
can be stated more precisely. Differentiating Equation (5) with respect

to p one obtains:

8 Cc 72

M= pmt ~ — | —

pm?2 - RJ
where pm is the radial position where the Cma);imum value of % occurs
for any compatible values of A\ and 8 i— satisfying Equations (3)
and (4). This ‘result ﬁ}mws that p = A will always lie to the left of
pm and further, as —2— increases. there will be less difference between

A and pm.
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INDICATED PARAMETER

3.0

Fig. 5. Effect of helical flow on annular discharge rate for AQ =
10, 300 and « = 0.50, 0.80, 0.95.

ceding viscosity profile analyses showed that the shear-
dependent viscosity is lowered, hence the axial flow re-
sistance is lowered, by the effective shear stress +2 which
is characteristic of a helical flow. Note that Q/Q, is con-
siderably higher for conditions of large o and high rela-
tive speeds. For instance in Figure 5 at RJ/2 = 100,
Q = 3Qp at « = 0.95, while at « = 0.50, Q = 1.41Q,.
Additionally, it is to be noted that, although the increased
discharge rate persists to higher values of RJ/2 for, say,
a = 0.95, a point will eventually be reached where a dis-
charge rate characteristic of annular flow for zero torque
will be obtained. Figure 6 illustrates how the axial pres-
sure gradient required to maintain a specified axial flow
rate is affected by different values of the imposed rela-
tive rotation of the cylinders. The parameter J/J, is the
ratio of the pressure in helical flow to the pressure in an-
nular flow compared at « = 0.80. The specified values for
4Q/#R%, that is, 0.005, 0.10, may be regarded as relative
measures of the axial flow rate. One notes that an appreci-
able reduction in axial pressure gradient occurs with rela-
tive rotation. The effect is somewhat suppressed at the
higher flow rate. At AQ = 60 rev./min., for example,
comparing the pressure gradient ratios at the indicated
levels of 4Q/xR3, the percent reduction in axial pressure
gradient which results with relative rotation is decreased
slightly from 65 to 62% although the flow rates differ by
a factor of 20. The flow behavior at « = 0.95 is similar,
but the pressure gradient reduction is more pronounced
for small relative rotations.t

4+ It is apparent that the power required to maintain a given flow
rate is changed by imparting a tangential component to the flow. It is
anticipated that both the magnitude and direction of this change will
depend upon the detailed properties of the fluid of interest and design
gonditions, for example, geometry, angular velocity, axial pumping con-
itions, etc.
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Fig. 6. Effect of helical flow on axial pressure gradient for @ =
0.80, 4Q/=xR3 = 0.005, 0.10.
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Fig. 7. Effect of helical flow on torque for RJ/2 = 500, 10,000
and o« = 0.80, 0.95.

Predictions for case 2 helical flow are summarized in
Figure 7 for « = 0.95, RJ/2 = 10% and « = 0.80,
RJ/2 = 500. The quantity T/T is the ratio of the torque
in a helical flow to the torque in a Couette flow compared
at identical values of AQ and «. These results show that
impressing a z directed annular flow on a Couette flow
leads to a coupling between the shear dependent viscosity
and the torque with the result that a significant lowering
of the torque occurs in a helical flow. Note that the re-
duction in torque is more pronounced for o = 0.80 for a
considerably smaller value of RJ/2. As the relative speed
is increased, the effect of the impressed annular flow be-
comes less significant and a torque characteristic of
Couette flow for zero axial pressure gradient is eventually
obtained.

It is to be noted that these results should not be inter-
preted as the typical behavior of any rheologically com-
plex fluid in a helical flow. The fact that the discharge
rate is increased, the torque lowered, and the viscosity
profile shifted toward a smaller scale results from the
choice of viscosity function.

SUMMARY

A numerical scheme has been developed for quantita-
tively predicting the dependence of the axial discharge
rate and the torque on the shear-dependent viscosity func-
tion 4 for a rheologically complex fluid and the stress field
in a helical flow, that is, a fluid motion imparted by a
simultaneously occurring steady z directed annular flow
and a steady relative rotation aﬂout the z axis.

For purposes of illustration only, solutions are described
for an Oldroyd type of constitutive equation, for which
[ 1+ o012
n 7o 1+ or 12
flow rates, pressure gradients, and ratio of cylinder diam-
eters. The analysis shows that in a helical flow the profile
of 5 in the reduced radial coordinate p is shifted toward
a smaller scale than obtained in either the zero axial pres-
sure gradient or zero torque flows. This interaction be-
tween =, as defined above, and the helical flow stress field
results in a lowering of the axial flow resistance. Hence the
axial discharge rate is increased, and the axial pressure
and torque lowered in a helical flow. In contrast, if the
fluid were Newtonian the superimposed laminar flows
would be noninterfering in that there would be no coup-
ling among the discharge rate, axial pressure gradient,
relative rotation, and torque through the viscosity coeffi-
cient.

The solution method is completely general and applic-
able to any choice of constitutive equation provided it is
of the type such that 5 is finite for Y(f) = 0 and ap-
proaches a zero or positive limit at Y(f) - co.

] for different relative speeds, axial
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NOTATION

Ay(i= 1,28, j = 1,2,3) = coeflicients defined by Equa-
tions (15) to (23)

C = helical flow parameter, defined by Equation (4)

F;(i = 1,2,3) = functions defined by Equations (3), (4),
(11)

LJo = pressure gradients, helical and annular flows, re-
spectively

N(t) relaxation spectrum

|

Q,Q0 = axial discharge rate, helical and annular flows,
respectively

r = radial coordinate

R,R; = radius of outer and inner cylinders, respectively

T,To = torques, helical and Couette flows, respectively

v = velocity component in z direction

V= actual fluid velocity
Y,Y(f) = shear rate function, defined by Equation (7d),
equal to 2r?

Greek Letters

@ = Ri/R

r = shear rate

) = incremental change in indicated parameter

4 = dummy variable of integration

7 = shear-dependent viscosity function, defined by
Equation (2a)

me = limiting viscosity at zero rate of shear, defined
by Equation (2b)

n. = limiting viscosity at infinite rate of shear, defined
by Equation (2¢)

A = helical flow parameter defined by Equation (3)

po = constant in Equation (2d)

0; = fluid natural time

»1,vs = constants in Equations (2d) and (2e), respec-
tively

p = reduced radial coordinate, equal to r/R

o1,02 = constants in Equation (2c¢)

7,791,7rg,Trz = Shear stress

711,722,733 = physical components of the stress tensor
parallel to the streamlines, normal to the shearing
surfaces, and normal to surfaces normal to the
shearing surfaces

72 = shear stress function, defined by Equation (7a)

w,0(p) = angular velocity

0,0; = angular velocity of outer and inner cylinders, re-
spectively

A = Q — O
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